Introduction
Let R be a ring with identity and let σ be an endomorphism of R. Consider S = R[x; σ ], the left Ore extension. We use the convention that coefficients are written on the left and the defining relation is xr = σ (r)x [1, 3] . One question which arises in this construction is how the prime ideals of R[x; σ ] are built from ideals of R. Much of the initial work regarding the propagation of primes when R is commutative was done by Irving in [4] . The technique pioneered by Irving and modeled by others was to first define the notion of a 'σ -prime' ideal. This lead to several different inequivalent definitions, all of which are based on the usual noncommutative definitions for prime ideals. Conditions were then given under which, given a σ -prime ideal, I R, one can conclude I S is prime. We have chosen a slightly different tack. This paper grew out of an attempt to place a more noncommutative framework on previous work [1] , which related the associated prime ideals of a right R-module, M, to the associated primes of M[x; σ ] S . We quickly realized this relationship was greatly simplified by assuming that σ is surjective. Indeed, with that hypothesis, results relating the set of annihilator ideals of M R and the set of associated primes of M[x; σ ] S can then be read off easily. Using these results, one is much better off simply computing the associated primes of M[x; σ ] directly. As a corollary to our main result, we show that an ideal I for which I [x; σ ] is prime is precisely an ideal we define as the σ -associated ideal to some σ -prime module N R .
In this section we provide the definitions and statements of the main result and its corollaries. In the second section, we discuss several examples outlining the use of these results. The last section is devoted to the proofs of several preliminary results and then the proofs of the principal results. Before continuing with the development of the main results, I would like to thank the referee for suggestions which have substantially improved this paper.
With minimal notation we can state our main result. We recall, in general, that a nonzero submodule N < M is prime if ann R (N ) is constant across all nonzero submodules of N and in such cases, ann(N ) is necessarily a prime ideal. Also a left, right or two-sided ideal I is a σ -ideal if σ (I ) ⊆ I [3] , and is called a σ -invariant ideal if I = σ −1 (I ) [4] . Definition 1.1. For any subset I ⊆ R, let I σ = j ∈N σ −j (I ). We say that a nonzero submodule N < M is a σ -prime submodule if (ann(N )) σ is constant over nonzero submodules of N and additionally
We note that neither ann(N ) nor (ann(N )) σ need be prime for a σ -prime submodule N . Nevertheless, when N is σ -prime we refer to I = (ann(N )) σ as a σ -associated ideal of M and let σ -Ass(M) denote the set of σ -associated ideals. If I is a σ -associated ideal, 
It is apparent that I [x; σ ] can be an associated prime of M[x; σ ] when I is not a prime of R. More remarkably, I need not be the annihilator of a submodule of M, as illustrated in Example 2.1. However, the following corollary shows that σ -associated ideals are precisely those ideals which extend to prime ideals. Recall that a module is σ -compatible if all annihilators of elements of M are σ -invariant σ -ideals. This was shown to be a sufficient condition to conclude that the associated primes of M[x; σ ] are precisely the extensions the associated primes of M [1] . However, we observe that any σ -invariant associated prime is automatically a σ -associated ideal. Consequently, the associated primes of M[x; σ ] coincide with the extensions of the associated primes of M precisely when every associated prime of M is σ -invariant and every other annihilator ideal I is either not σ -invariant, or satisfies the condition that for every submodule N with ann(N ) = I , there exists 0 = K < N such that (ann(K)) σ = I . In light of this, the analogue of the main result of [1] , is clear:
When R is Noetherian, σ is an automorphism, and we get a much stronger result: 
The corollaries of this are also straightforward. Observe that for any left, right, or two-sided ideal I , I σ * is σ -invariant. Thus for every p ∈ Ass(M),
Moreover, the notion of a σ -prime ideal in the Laurent extension case is well established. A σ -prime ideal is a σ -invariant ideal, P , which satisfies the condition that if I, J are σ -invariant ideals with I J ⊆ P , then either I ⊆ P or J ⊆ P . Such ideals always extend to prime ideals of R[x, x −1 ; σ ] [5] . In particular, the analogue of Corollary 1.3 is that an ideal is σ -prime if and only if it is the Laurent σ -associated ideal of some Laurent σ -prime module. The proofs for the results for the Laurent extensions are similar to the proofs of the main result that appear in Section 3 and are therefore omitted.
Examples
A module can easily fail to be σ -compatible, as defined in [1] , but still have each associated prime of M[x; σ ] be extended from one of M. For example, if R is any simple ring with automorphism σ , then 1.2 shows that for any nontrivial module M,
It is more interesting, in light of Theorem 1.2, to investigate modules, M, for which the associated primes of M fail to extend. The first of these investigations involves an associated prime which is not σ -invariant. Throughout the next examples we let k denote a field. 
Example 2.1. Let R = k[s, t] and M R = R/(t)
, p need not be a prime ideal of R. However, in the above example, (t) σ = (st), so one question that arises is whether or not p σ is a σ -associated ideal when p is prime. The following example shows that it need not be, even when R is commutative. Note that by 1.5 we must begin with a non-Noetherian base ring. The next example illustrates that a nonprime annihilator I can be a σ -associated ideal which is not p σ for any associated prime p.
. . .]/(t 2 i ), and definet i = t i + (t 2 i )
. Set M R = R R and let σ be the k-algebra automorphism of R given by σ (t i ) =t i−1 for all i. We claim that M is σ -prime, but note that it is not prime. Observe that ann(M) = 0 is σ -invariant. Thus (ann(M)) σ = 0. In order to show M is σ -prime it will be enough to show, for any g ∈ (t i ) i∈Z , that (g) σ = 0. If g ∈ (t i ) i∈Z , then there exist j 1 , j 2 , . . . , j n ∈ Z such that g ∈ (t j 1 ,t j 2 , . . . ,t j n ). Now (g) σ ⊆ (t j 1 ,t j 2 , . . . ,t j n ) σ = 0. Therefore M is σ -prime. Thus 0 is the only σ -prime ideal of M. Therefore by Theorem 1.2, Ass(M[x; σ ]) = {0}. In contrast, we observe that every nonzero cyclic submodule f R M contains a nonzero cyclic submodule whose annihilator strictly contains ann(f R). That is, M has no cyclic prime submodules, hence no prime submodules. Therefore Ass(M) = ∅.
Proofs of the main results
The proof of Theorem 1.2 relies on some elementary initial results. The first result is well known in commutative algebra. We generalize the result found in [2] ; the proof here is quite different. Proof. Let a = a 0 + · · · + a k ∈ ann(N ), where each a i is a nonzero element of A m i for some integers m 0 < · · · < m k . It will be enough to show that a 0 ∈ ann(N ). It will then follow by induction on k that N a i = 0 for each i, and so the homogeneous terms of a belong to ann(N ).
Let m ∈ N be an element of least possible length. That is, every element is the unique sum of nonzero homogeneous elements, and for m, it involves the least number of terms possible among elements of N . Write m = m 0 + · · · + m l , where each m i is a nonzero element of M n i for some integers n 0 < · · · < n l . Clearly, for any homogeneous component, A r , every nonzero element of mA r has length l. However, a 0 annihilates the first term of every nonzero element of mA r , hence every nonzero element of mA r a 0 has length less than l. By the minimality of l, it must be that mA r a 0 = 0. Thus mAa 0 = 0. As N is prime, a 0 ∈ ann(mA) = ann(N ). 2 N ) ) σ . Since R is Noetherian, there exists an ideal p which is maximal among annihilators of nonzero submodules of N . We know p is an associated prime of N , and hence of M. Moreover, since N is σ -prime, p σ = I .
Conversely, suppose p ∈ Ass(M) and let L M be a prime submodule with annihilator p. Set I = p σ , and note that σ (I ) ⊆ I . Since σ is an automorphism and R is Noetherian, this implies that I is σ -invariant. Therefore L is σ -prime with σ -associated ideal I . 
